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Abstract 

We study the semilinear elliptic inequality — Au > p(SK(x))f(u) in 1* \ K, where 
cp, f are non-negative and continuous functions, K C R w (N > 2) is a compact set and 
6k(x) = dist(a;, dK). We obtain optimal conditions in terms of ip and / for the existence 
of C 2 positive solutions. Our analysis emphasizes the role played by the geometry of the 
compact set K. 
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1 Introduction 

In this paper we study the existence and non-existence of C 2 positive solutions u(x) of the 
following semilinear elliptic inequality 

- Au > tp(5 K (x))f(u) in R N \ K, (1.1) 

where K is a compact set in R (N > 2) and 5k{%) =dist(a?, dK). We assume that tp G 
C°' 7 (0, oo) (0 < 7 < 1) and / € C 1 (0,oo) are positive functions such that ip is nonincreasing 
and / is decreasing. 

Elliptic equations or inequalities in unbounded domains have been subject to extensive 
study recently (see, e.g., [5, 6, 9, 11, 12, 15, 17, 18] and the references therein). In [5, 6] the 
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authors are concerned with elliptic problems with superlinear nonlinearities f(t) in exterior 
domains. Large classes of elliptic inequalities in exterior or cone-like domains involving various 
types of differential operators are considered in [11, 12, 15, 17, 18]. In [19, 20, 21, 22, 23] 
elliptic inequalities are studied in a punctured neighborhood of the origin and asymptotic radial 
symmetry of solutions is investigated. The main novelty of the present paper is the presence of 
the distance function 5k{x) to the boundary of the compact set K which, as we shall see, will 
play a significant role in the qualitative study of (1.1). 

In our approach to (1.1) we shall distinguish between the case where K is non- degenerate, 
that is, K has at least one component which is the closure of a C 2 domain, and the case where 
K is degenerate which means that K reduces to a finite set of points. 

We provide general non-existence results of solutions to (1.1) for various types of compact 
sets K C ~fi& N , N > 2. Our study points out the role played by the geometry of K in the existence 
of C 2 positive solutions to (1.1). For instance, if K consists of finitely many components each 
of which is the closure of a C 2 domain, then (1.1) has solutions if and only if 

/•oo 

/ np(r)dr < oo. (1-2) 
Jo 

In turn, if K consists of a finite number of points, then the existence of a C 2 positive solution 
to (1.1) depends on both ip and /. If f(t) = t~ p , p > 0, and K reduces to a single point (by 
translation one may consider K = {0}) we describe the solution set of 

- Au = Lp(\x\)u- p mR N \{0}. (1.3) 

For a large class of functions tp, we show that any C 2 positive solution of (1.3) (if exists) is 
radially symmetric. Furthermore, the solution set of (1.3) consists of a two-parameter family of 
radially symmetric functions. 

If (1.1) has solutions, we prove that it has a minimal C 2 positive solution u in the sense of 
the usual order relation. Moreover, u is a ground-state of (1.1), that is, u{x) — > as |x| — > oo. In 
some cases depending on the geometry of dK we prove that u is continuous up to the boundary 
of K. 

The outline of the paper is as follows. In Section 2 we collect some preliminary results 
concerning elliptic boundary value problems in bounded domains involving the distance function 
up to the boundary. In Section 3 we obtain various existence and non-existence results in the 
non-degenerate case on K. The degenerate case on K and the study of (1.3) are presented in 
Section 4. 

2 Preliminary results 

2.1 Some elliptic problems in bounded domains 

In this part we obtain some results for related elliptic problems in bounded domains that will 
be further used in the sequel. We start with the following comparison result. 

Lemma 2.1. Let U C WL N (N > 2) be a nonempty open set and g : U x (0,oo) — > (0, oo) be 
a continuous function such that g(x,-) is decreasing for all x € Q. Assume that u,v are C 2 
positive functions that satisfy 

Au + g(x, u) < < Av + g(x, v) in f2, 

lim (v(x) - u(x)) < for all y £ <9°°fl 

Then u > v in Q. (Here d°°Q stands for the Euclidean boundary <9f2 if 17 is bounded and for 
d£2 U {oo} if £2 is unbounded) 
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Proof. Assume by contradiction that the set oj := {x G ft : u(x) < v(x)} is not empty and 
let w := v — u. Since lim^gn, ui(x) < for all y G <9°°$7, it follows that w is bounded from 
above and it achieves its maximum on ft at a point that belongs to w. At that point, say xo, 
we have 

< -Aw(x ) < g(x , v(x )) - g(x , u(x )) < 0, 
which is a contradiction. Therefore, oj = 0, that is, u > v in ft. 



Lemma 2.2. Zei ft C R-^ (iV > 2) be a bounded domain with C 2 boundary and let g : ft x 
(0, oo) — >■ (0, oo) be a Holder continuous function such that for all x & ft we have g{x, •) G 
C 1 (0, oo) and g(x, •) is decreasing. Then, for any (ft G C(dft), cf) > 0, the problem 

I —Au = q(x,u), u > in ft, 
I n = <p(xj on oiZ, 

/lets a unique solution u G C 2 ($7) PI C(fi). 

Proof. For all n > 1 consider the following perturbed problem 

-Au = q( x, u -\ Y n > in 

V n/' ' (2.2) 

n = </>(x) on 90. 

It is easy to see that u = is a sub-solution. To construct a super-solution, let w be the solution 
of 

j -Aw = 1, w > in ft, 
] n; = on <9Q. 

Then It = Mw+ \ \4>\\oo + 1 is a super-solution of (2.2) provided M > 1 is large enough. Thus, by 
sub and super-solution method and Lemma 2.1, there exists a unique solution u n G C 2 (fl)nC(ft) 
of (2.2). Furthermore, since g(x, •) is decreasing, by Lemma 2.1 we deduce 

ui < U2 < ■ ■ ■ < u n < ■ ■ ■ < u in ft, (2.3) 

u n + - > u n +i H r~. r hi ft. (2.4) 

n n + l 

Hence {u n (x)} is increasing and bounded for all x G ft. Letting n(x) : — linijj—^oo u n (x), a 
standard bootstrap argument (see [4], [10]) implies u n — » u in C 2 oc (S7) so that passing to the 
limit in (2.2) we deduce —An = g(x, u) in ft. From (2.3) and (2.4) we obtain u n + 1/n > u > u n 
in ft, for all n > 1. This yields n G C(O) and n = 0(e) on <9S7. Therefore n G C 2 (0) n C(H) is 
a solution of (2.1). The uniqueness follows from Lemma 2.1. 

Lemma 2.3 and Lemma 2.4 below extend the existence results obtained in [3, 7, 8]. 



Lemma 2.3. Let ft C R N (N > 2) be a bounded domain with C 2 boundary. Also let 92 G 
(7 ' 7 (0, oo) (0 < 7 < 1) and f G C 1 (0, oo) be positive functions such that: 

(i) f is decreasing; 

(ii) if is nonincreasing and Jq 1 rcj)(r)dr < oo. 
Then, the problem 

f -An = ip(Sn(x))f(u), u > in ft, 
1 n = on dfl, 
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has a unique solution u € C 2 (fl) n C(Q). Furthermore, there exist c\,C2 > and < ro < 1 
such that the unique solution u of (2.5) satisfies 

u{ x) 

ci < U/S K rr < c 2 in {s € fi : < < r }, (2.6) 

where H : [0, 1] — ^ (0, oo) is the unique solution of 

f -ff"(t) = <p{t)f(H(t)), H(t) > < t < 1, 

\ ff(0) = H(1) = 0. 1 ' j 

The existence of a solution to (2.7) follows from [1, Theorem 2.1]. 
Proof. Let (Ai,ei) be the first eigenvalue and the first eigenfunction of —A in f2 subject to 
Dirichlet boundary condition. It is well known that e± has constant sign in £1 so that normalizing, 
we may assume that e\ > in 0. Also, since Q has a C 2 boundary, we have de\/du < on dQ 
and 

Ci<5 n (s) < ei(x) < C 2 5 n (x) in (I, (2.8) 

where v is the outward unit normal at dCl and Ci, C2 are two positive constants. We claim that 
there exist M > 1 and c > such that u = MH{ce\) is a super-solution of (2.5). First, since 
the solution H of (2.7) is positive and concave, we can find < a < 1 such that H' > on 
(0, a]. Let c > be such that 

ce±(x) < min{a, 5q(x)} in Q. 

Then 

-Au= -Mc 2 ff"(cei)|Vei| 2 + McAieifr'(cei) 

= McV(cei)/(i?(cei))|Vei| 2 + McX&H' '(cei) (2.9) 

> McV(fe(x))/(u)|Vei| 2 + AfcAiei^'(cei) in 

Since ei > in and de\/du < on 90, we can find d > and a subdomain wCCfl such 
that 

I Vei I > d in Q \ cj. 

Therefore, from (2.9) we obtain 

- Au > Mc 2 d 2 ip{5 n (x))f(u) m(l\u, -An > McAiei-ff'(cei) in w. (2.10) 

Now, we choose M > large enough such that 

Mc 2 d 2 > 1 and Mc\ iei H' ( cei ) > ^(5 n {x))f{u) in w. (2.11) 

Note that the last relation in (2.11) is possible since in oj the right side of the inequality is 
bounded and the left side is bounded away from zero. Thus, from (2.10) and (2.11), u is a 
super-solution for (2.5). Similarly, we can choose m > small enough such that u = mH(ce\) 
is a sub-solution of (2.5). Therefore, by the sub and super-solution method we find a solution 
u <G C 2 {Vi) nC(fi) such that u<u<um.VL. The uniqueness follows from Lemma 2.1. In order 
to prove the boundary estimate (2.6), note first that ce\ < 5q(x) in so 

u(x) < u(x) < MH(5a(x)) in {x G fi : < Sq(x) < a}. 

On the other hand, since H is concave and H(0) = 0, we easily derive that t — > H(t)/t is 
decreasing on (0, 1). Also we can assume cC\ < 1. Thus, 

u(x) > mH(cei) > mH(cCiSa(x)) > mcCiH(5n(x)), 

for all x € £1 with < Sq(x) < 1. The proof of Lemma 2.3 is now complete. 
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Lemma 2.4. Let K C M. N (N > 2) 6e a compact set, Q, C M. N be a bounded domain such that 
K C Jl and Q\K is connected and has C 2 boundary. Let (p and f be as in Lemma 2.3. Then, 
there exists a unique solution u € C 2 (Q \ K) n C(f2 \ int(K)) of the problem 

i-Au = ip{S K (x))f(u),u>0 tnQ\K, 

j ii = ond(Q\K). [ ' ' 

Furthermore, there exist c±,C2 > and < ro < 1 such that the unique solution u of (2.12) 
satisfies 

u(x) 

ci < rr < c 2 in {x € fi \ K : < 5 K (x) < r }, (2.13) 

h[Pk[x)) 

where H is the unique solution of (2.7). 



Proof. According to Lemma 2.3 there exists v G C (VL \ K) n (7(0 \ K) such that 

f -Av = <p{S n \ K {x))f{v), v > mQ\K, 
\ v = ond(Q\K), 

which further satisfies 

ci < g( ^ (x)) < c 2 in {x € n \ K : < S Q \ K {x) < p }, (2.14) 

for some < po < 1 an d ci,C2 > 0. Since Sk(x) > 5q\k( x ) f° r all x & £l\K and <p is 
nonincreasing, it is easy to see that u = v is a super-solution of (2.12). Also it is not difficult 
to see that u = mw is a sub-solution to (2.12) for m > sufficiently small, where w satisfies 

J -Aw = 1, w>0 m(l\K, 
[ w = ond(Q\K). 

Using Lemma 2.1 we have u < u in Q \ K. Therefore, there exists a solution u € C 2 ($7 \ K) n 
C(Q. \ int(K)) of (2.12). As before, the uniqueness follows from Lemma 2.1. In order to prove 
(2.13), let < ro < po be small such that 

co := {x € O \ K : < Sk(x) < ro} CC ft and Sci\k(x) = 5k(x) for all x € oj. 

Then, from (2.14) we have 

u < u < C2H(5k{x)) in u. 
For the remaining part of (2.13), let M > 1 be such that Mu > v on du \ dK. Also 

-A(Mu) = Mip(5 K (x))f(u) > (p(6 K (x))f(Mu) in u. 

By Lemma 2.1 we have Mu > v in cu and from (2.14) we obtain the first inequality in (2.13). 
This concludes the proof. 

The following result is a direct consequence of Lemma 2.4. 
Lemma 2.5. Let K\,K2,L C R N (N > 2) be three compact sets such that 

K\ n L = 0, K2 C int(L), K\,L are the closure of C 2 domains. 
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Also let Q, C I 1 be a bounded domain with C 2 boundary such that K\\JL C Q. and Q\{K\\JL) 
is connected. Let ip, f be as in Lemma 2.3. Then, there exists a unique solution 

u € C 2 {n \ (Kt U L)) n C(n \ int(K x U L)) 

of the problem 

f -Au = ip{5 KlUK2 {x))f{u), u > mfi\(^iUL), 
| u = ond(n\(K!\JL)). 

Furthermore, there exist c\,ci > and < ro < 1 suc/j £/tai £/te unique solution u of problem 
(2.15) satisfies 

ci < „ fx K rr < c 2 m{xGO\(KiUL):0< 6 Kl (x) < r }, (2.16) 
where H is the unique solution of (2.7). 

Proof. By Lemma 2.4 there exists a unique v G C 2 (0 \ (K x U L)) n C(H \ int(K 1 U L)) such 
that 

f -Av = (^(%ul(x))/(v), v > in O \ (i^ U L), 
| t> = ona(JJ\(KiUL)). 

Since ^r^ulO^) < <5ft"iuA" 2 ( x ) in fi \ (i^i U L) and (/? is nonincreasing, we derive that u = v is a 
super-solution of (2.15). As a sub-solution we use u = mw where m is sufficiently small and w 
satisfies 

j-Aw = l, w>0 in n\ (K x UL), 
[ w = ond(ft\(ifiUL)). 

Therefore, problem (2.15) has a solution u. The uniqueness follows from Lemma 2.1 while the 
asymptotic behavior of u around K\ is obtained in the same manner as in Lemma 2.4. This 
ends the proof. 

2.2 An equivalent integral condition 

Several times in this paper we shall use the following elementary results that provide an equiv- 
alent integral condition to (1.2). 

Lemma 2.6. Let N > 3 and if : (0, oo) — > [0, oo) be a continuous function. 

(i) / rip(r)dr < oo if and only if / i 1_JV / s N ^ 1 f(s)dsdt < oo; 
Jo Jo Jo 

/oo roc rt 

np(r)dr < oo if and only if / i 1_JV / s N ~ 1 ip(s)dsdt < oo; 

roc roc rt 

(Hi) / np(r)dr < oo if and only if / t 1_JV / s N ~ 1 <p(s)dsdt < oo; 
Jo Jo Jo 

Proof. We prove only (i). The proof of (ii) is similar, while (iii) follows from (i)-(ii). 



6 



Assume first that r(p(r)dr < oo. Integrating by parts we have 

ft 1 -" f s N -^{s)dsdt = --^— f 1 (t 2 - N )' f s N - 1 i P (s)dsdt 
Jo Jo N — 2 ,/ \ / J 

i f 1 

- W^2 J t<P ^ dt < °° - 

Conversely, for < e < 1/2 we have 
j'^t 1 -* j\ N -\{s)dsdt 

J\ N - l ^{t)dt 



N - 


2 


1 




N - 


2 


1 




N — 


2 


1 




N — 


2 



1 ( (\\ N - 2 \ f 1/2 



Passing to the limit with e \ we deduce Jq tip(t)dt < oo. This concludes the proof of Lemma 
2.6. 



3 The non-degenerate case 
3.1 Non-existence results 

We present some nonexistence results that hold in a more general setting for / and (p. 

Theorem 3.1. Let if : (0, oo) — > [0, oo) and f : (0, oo) — > (0, oo) be continuous functions such 
that: 

(i) liminf tV) /(i) > 0; 

(ii) tp(r) is monotone for r large; 
(Hi) Jj 00 np(r) dr = oo; 

Then, for any compact set K C M. N (N > 3) there does not exist a C 2 positive solution u(x) of 
(1.1). 

Proof. It is easy to construct a C 1 function g : [0, oo) — > (0, oo) such that g < f in (0, oo) 
and g' is negative and nondecreasing. Therefore, we may assume / : [0, oo) — > (0, oo) is of class 
C 1 and /' is negative and nondecreasing. 

Suppose for contradiction that u(x) is a C 2 positive solution of (1.1). By translation, we 
may assume that OGif. Choose ro > such that 

K C B ro / 2 (0), (p{ro/2) > 0, and 92 is monotone on [7*0/2,00). 
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Define t/j : [ro/2, oo) — > (0, oo) by 

I (p{ r ) if <P is nonincreasing for r > ro/2, 
■*/>(r) = min (/'(p) = s 

r /2<p<r l<p(ro/2) if (/? is nondecreasing for r > ro/2. 

Then J*^ rijj(r)dr = oo. Also, since ro/2 < <5jf(x) < |x| for all x G E^ \ £? ro (0), we have 

<p(8 K (x)) > ip{\x\) for all x € E w \5 ro (0). 
Thus, the solution u of (1.1) satisfies 

-Au>V(|x|)/(«) in R^\ 5^(0). (3.1) 
Averaging (3.1) and using Jensen's inequality, we get 

- (V'(r) + ^-^'(r)) > ^(r)/(«(r)) for all r > r . (3.2) 
Here u is the spherical average of u, that is 

^( r ) = lv=T / ^(x)dcr(x), (3.3) 

where a denotes the surface area measure in E^ and o~n = <r(5Bi(0)). 
Making in (3.2) the change of variables u(r) = v(p), p = r 2 ~ N we get 

-v"( P ) > ^^^-i)/P-^)^(pi/P-JV) )/(t;(p)) for all o < p < p0; 

where po = Tq~ n . Since v is concave down and positive, v is bounded for < p < pq. Hence 
f{v{p)) > {N — 2) 2 C for some positive constant C. Consequently 

-v"(p) > CfW-W-WMpW-N)) for all < p < p . 

Integrating this inequality twice we get 

rpo 

-° > / v'(p)dp- pov'(po) 
Jo 

>c r r fw-viQ-^ipw-^dpdp 

Jo J p 

= C I'"" pl+2(iV-l)/(2-iV) V;( -l/(2-iV) ) d - 

Jo 

poo 

= (N — 2)C j rip(r) dr 



OO. 



This contradiction completes the proof. 

Theorem 3.2. Let tp : (0, oo) — > [0, oo) and f : (0, oo) — > (0, oo) be continuous functions such 
that 

(i) liminf tV) /(i) > 0; 

(ii) Jq 1 r<p{r) dr = oo. 



Then there does not exist a C 2 positive solution u(x) of 

-Au> <p(6n(x))f(u) in {x € R N \ H : < 5 n {x) < 2r }, TV > 2, (3.4) 
where Q, is a C 2 bounded domain in W N and ro > 0. 

For the proof of Theorem 3.2 we shall use the following lemma concerning the geometry of 
a C 2 bounded domain. One can prove it using the methods from [13, page 96]. 

Lemma 3.3. Let ft be a C 2 bounded domain in M. N , N > 2, such that M N \ft is connected. 
Then, there exists ro > such that 

(i) $7 r := {x G 1^ : dist(x,$7) < r} is a C 1 domain for each < r < ro; 

(ii) for < r < ro the function T(-,r) : dQ — > M. N defined by T(£,r) = £ + rn^, where rj£ 
is the outward unit normal to d£l at £, is a C 1 diffeomorphism from Oft onto dQ r (onto 
dO, if r = 0) whose volume magnification factor (i.e., the absolute value of its Jacobian 
determinant) J(-,r) : dVt — > (0, oo) is continuous on d£l and C°° with respect to r; 

(in) if r)T(£,r) * s the un ^ outward normal to d£l r at T(£,r) then ?lT(i,r) an d VS, are equal (but 
have different base points ) for £ € 80, and < r < ro . 

Proof. Without loss of generality we can assume l w \ Q is connected. Suppose for contradic- 
tion that u(x) is a C 2 positive solution of (3.4). By decreasing ro if necessary, the conclusion of 
Lemma 3.3 holds. 

Lemma 3.4. The function 

g(r) = / u(x) da(x), < r < ro, 
is continuously differentiable and there exists a positive constant C such that 



g'(r)-f ^da(x) 



< Cg(r) for all < r < ro, 



where n is the outward unit normal to dil r . 
Proof. By Lemma 3.3 we have 



and thus 



g(r) = / u(£ + r-q^) J(£, r) da(^) for all < r < ro, 
Jdn 



g'(r) 



an, 



(u(£ + r^)) J(£, r) da(0 + J u{£ + nfc)J r (£, r) da(0 



d_ 

dr 

Pv {x)Mx)+ L u{x)J iM da{xl 



i>n (3.5) 



for all < r < ro, where in the last integral £ = x — rrj^ € d£l. Since, by Lemma 3.3, J(£,r) is 
positive and continuous for £ € dfl and < r < ro and J r (£, r) is continuous there, we see that 
Lemma 3.4 follows from (3.5). 
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We now come back to the proof of Theorem 3.2. For < r < ro we have 

f f du f dxi 

< / -Au(x) dx = — da{x) - — da(x) 

Jn ro \n r Jdn r Jdn rQ °f) (3.6) 

< g'(r) + Cg(r) + C 
for some positive constant C by Lemma 3.4. Hence 

(e Cr {g{r) + 1))' > for all < r < r , 

and integrating this inequality over [r, ro] we obtain 

g(r) < e C{r °- r) (g(r ) + 1) - 1 < d for all < r < r (3.7) 
and for some C\ > 0. Thus 

is bounded for < r < ro. Consequently, by the assumption (i) of /, it follows that 

\dn p \f(U(p)) >e>0 for all < p < r . (3.8) 

As in the proof of Theorem 3.1, we may assume that / : [0, 00) — > (0, 00) is of class C 1 and /' 
is negative and nondecreasing. From (3.4), (3.6)-(3.8) and Jensen's inequality we now obtain 



g'(r)+C 2 > / -Audx 

> / fp(p) / f{u(x))do{x)dp 

> [ r \(p)\dn p \f(u(p))dp 

J r 

pro 

> e I (p(p) dp for all < r < ro- 

J r 



1 r 

Integrating over [r, ro] in the above estimate we find 

pro />r 



/•r pro 

9(ro) - g{r) + C 2 r > e / / (p(p)dpds 

J r J s 

/ro rro 
(p — r)ip(p) dp —7* £ P<p(p) dp = 00 as r \ 0, 

which contradicts g > and completes the proof. 



3.2 Existence results 

In this part we obtain existence results for (1.1) in the non-degenerate case on K. We prove 
that for a large class of compact sets, condition (1.2) is sufficient for (1.1) to have C 2 positive 
solutions. 

Throughout this sub-section, unless otherwise stated, we assume that ip and / satisfy the 
same hypotheses as in Lemma 2.3, that is, ip G (7 ' 7 (0,oo) (0 < 7 < 1) and / G C 1 (0,oo) are 
positive functions such that ip is nondecreasing and / is decreasing. Our first result in this sense 
concerns the case where K consists of a finite number of components each of which is of class 
C 2 . We have 
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Theorem 3.5. Let K be a compact set in K w (TV > 3) having a finite number of components 
each of which is the closure of a C 2 domain. Then (1.1) has C 2 positive solutions if and only 
if (1.2) holds. Furthermore, if (1.2) is fulfilled, then there exists a minimal solution u of (1.1) 
such that 

u G C 2 (R N \K)n C(R N \ int(K)) 

and 

' -Au = tp{5 K {x))f{u), u > inR N \K, 

< u = on dK, (3.9) 

u{x) — > as \x\ — > oo. 

In addition, there exist c\,C2 > and < ro < 1 such that u satisfies 

ci < t77t4tt < c 2 in {x € R N \ K : < S K {x) < r }, (3.10) 

where H is the unique solution of (2.7). 

Proof. The necessity of (1.2) follows from Theorems 3.1 and 3.2. To prove the sufficiency of 
(1.2), assume first that M. N \ K is connected. 

We fix < p < R such that K C B p (0). By Lemma 2.4 there exists 

u e C 2 (B p (0) \K)n C(B p (0) \ int(K)) 
( -Au = ip(S K (x))f(u), u>0 mB p (0)\K, 



[ u = on d(B p (0) \K). 

We next construct a solution v of (1.1) in a neighborhood of infinity. To this aim, let 



A{r) :-- 



/ t^ N / s N - 1 i P (s - p)dsdt for all r > R. 

Jr JR 



Since rip(r — p)dr < oo, by Lemma 2.6 we have that A is well defined for all r > R. Also, 
it is easy to check that 

-AA(\x\) = <p(\x\ - p) mR N \B R (Q). 

Since the mapping 

/"* 1 

[0,oo)9ti — > / -t^cZs € [0, oo) 
Jo J( s ) 

is bijective, we can define v : R N \ Br(0) — )■ (0, oo) implicitly as the unique solution of 

rv(x) j 



I 



dt = A(\x\) for all x 6 R N \ B R (0). (3.12) 



o fit) 



Then, using the properties of A we deduce that v € C 2 (R N \ Br(0)), v > and v(x) — > as 
|z[ — > oo. Further from (3.12) we obtain 

VA(\x\) = j^Vv mR N \B R (0), 



and 



p(\x\ -p) = -AA{\x\) = Q^\Vv\ 2 - J-A« in 1^ \ B fl (0). 

/(«) 



11 



Since / is decreasing, we have /' < which implies 

-Av>tp(\x\-p)f{v) mR N \B R (0). 

Therefore, v G C 2 (R N \ B R (0)) satisfies 

f -At, > <p(6 K (x))f(v), v>0 in R N \ B R (0), 
| v(x) — > as |x| — >• oo. 

Let now < po < P be such that K C -B po (0) and let u, v be the solutions of (3.11) and (3.13) 
respectively. Consider 

w : (B po (0) \ int(K)) U (R N \ B R (0)) -> [0, oo), 

defined by 

w(x) = u(x) if x G £ po (0) \ int(K), w{x) = v{x) if x G R N \ B R (0). 

Let W be a positive C 2 extension of iu to 1^ \ K. We claim that there exists M > large 
enough such that 

C/(x) = ^(x) + M(l + |x| 2 )( 2 - iV )/ 2 , xeR N \int(K) (3.14) 

satisfies (1.1). Indeed, since (1 + \x\ 2 )( 2 ~ N ^ 2 is superharmonic, this condition is already satisfied 
in B po (0) \ K and R N \ B R (0). In B R (0) \ B po (0) we use the fact that -A(l + \x\ 2 ) i - 2 - N ^ 2 is 
positive and bounded away from zero. Therefore we have constructed a solution U G C 2 (R N \ 
K) n C(R N \ int(K)) of (1.1) that tends to zero at infinity. 

Let us prove the existence of a minimal solution u of (1.1). According to Lemma 2.4, for 
any n > 1 there exists a unique 

u n G C 2 (B R+n (0) \ K) n C(B R+n (0) \ int(K)) 

such that 

J -Au„ = ip(S K {x))f{u n ), u n >0 in 5 R+n (0) \ K, 
{ "„ on ( Vi /,'/,..„;();. A'i. 

We extend = on \ B R+n (0) and by Lemma 2.1 we have that {«„} is a nondecreasing 
sequence of functions and u n < U in 1^ \ K. Let 

u(x) = lim n„(x) for all x G \ int(K). 

n->oo 

By standard elliptic arguments, we have u G C 2 (R N \ K) and 

-A« = <p(5 K (x))f(u) inR N \K. 

We next prove that u vanishes continuously on dK. 

Let u\ be the unique solution of (3.15) with n = 1 and w := {x G R w \ K : < <5x(x) < 1}. 
Since both u\ and u are continuous and positive on doj \ K, one can find M > 1 such that 
Mui > n on <9w \ i^T. Now, using the fact that the sequence {u n } is nondecreasing, this also 
yields Mu\ > u n on doj \ K, for all n > 1. The above inequality also holds true on dK (since 
u\ and u n are zero there). Therefore Mu\ > u n on dui for all n > 1 which by the comparison 
result in Lemma 2.1 (note that the function Mu\ satisfies (1.1) in uj) gives 

Mu\ > u n in uj, 
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for all n > 1. Passing to the limit with n — > oo in the above estimate, we obtain Mu\ >tiinw 
and since u\ vanishes continuously on dK, so does u. 

The boundary behavior of u near K follows from the fact that u\ < u < Mu\ in oj and 
u\ satisfies (2.13). From Lemma 2.1 we obtain that any solution u of (1.1) satisfies u > u n in 
~M. N \ K which implies u > u. Hence, u is the minimal solution of (1.1). 

Assume now that R w \ K is not connected. We shall construct a solution to (1.1) by 
considering each component of R^ \ K. Note that since K is compact, M. N \ K has only one 
unbounded component on which we proceed as above. Since ip satisfies (1.2), by Lemma 2.3, 
on each bounded component of R w \ K we construct a solution of — Au = ip(5K(x))f(u) that 
vanishes continuously on its boundary and has the behavior described by (2.6). This completes 
the proof of Theorem 3.5. 

Remark The approach in Theorem 3.5 can be used to study the inequality (1.1) in some cases 
where the compact set K consists of infinitely many components all of them with C 2 boundary. 
For instance, it is easy to see that the same arguments apply for compact sets K of the form 



K = B 1 (0)u(jLeR N :l + -±- 

n>l ^ 



1 

< \x < 1 + — 
2n 



or 



K = dB 1 (0)U (j dB 1+1/n (0). 



n>l 

Remark The existence of a positive ground state solution in the exterior of a compact set is a 
particular feature of the case N > 3. Such solutions do not exist in dimension N = 2. Indeed, 
suppose that u is a C 2 positive solution of 

-Au > in R 2 \ K, u(x) -> as \x\ — > oo, 

where K C R 2 is a compact set, not necessarily with smooth boundary. Choose ro > such 
that K C B ro (0) and let m = mm^ =ro u(x) > 0. For each r\ > ro define 

D 2\ mi . id .. t „\ m(logn -log|x|) 



v ri : R \ {0} -> R, v ri (x) 



logri-logr 
Then 

v ri is harmonic in R 2 \ {0}, v ri = m on dB ro (0), v ri = on dB ri (0). 
Let w ri (x) = u(x) — v ri (x), x E R N \ B ro (0). Thus, 

-Aio ri = - An > in S ri (0) \ B ro (0), w ri > on dB ri (0) U dB ro (0). 

By maximum principle it follows that w ri > in B ri (0) \ B rQ (0), that is u(x) > v ri (x) in 

7J n (o)\/; r(l (o). 

Let now x G R 2 \ B ro (0) be fixed. Then, for r\ > \x\ we have 

u(x) > v ri (x) — > m as r\ — > oo, 

so u(x) > m in R 2 \ B ro (0), which contradicts u(x) — > as \x\ — > oo. 

If K = K\ U K2 where K\ has a finite number of components each of which is the closure of 
a C 2 domain and K2 consists of a finite number of isolated points we have the following result. 
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Theorem 3.6. Let K = K x U K 2 C R N (N > 3) where K x is a compact set having a finite 
number of components each of which is the closure of a C 2 domain and K 2 C R N consists of a 
finite number of isolated points such that K\ n K 2 = 0. Then, inequality (1.1) has C 2 positive 
solutions if and only if (1.2) holds. Furthermore, if (1.2) is fulfilled, then there exists a minimal 
solution u of (1.1) that satisfies 



u e C 2 (R N \K)n C(R N \ mt(Ki)) 



and 



( -Au = <p(6 K (x))f(u), u>0 
u = 
u>0 
, u{x) -)• 

In addition, u has the same behavior around K\ as described in (3.10). 



mK" \ K, 
on dKi, 
on K 2 , 
as \x\ — > oo. 



(3.16) 



Proof. By Theorems 3.1 and 3.2, condition (1.2) is necessary in order to have C 2 positive 
solutions for (1.1). Assume now that (1.2) holds. Using, if necessary, a dilation argument, we 
can assume that c\\st(Ki,K 2 ) > 2 and the distance between any two distinct points of K 2 is 
greater than 2. We fixR>0 large enough such that 

K ± U (J Bi(a) C Bfl(O). 

aeK 2 

We now apply Lemma 2.5 for L = \J aeI<2 Bi/ n (a) and £1 = Bn +n (a). Thus, there exists a 
unique solution u n of 

-Au n = <p(5 K (x))f(u n ), u n >0 in ^^(O) \ 



a€K 2 



(3.17) 



u n = on dB R+n (0) U dK ± U J 9B 1/n (a). 

aeK 2 

Extending u n = outside of Bn +n (0) \ \J ae x 2 B\/ n (a), by Lemma 2.1 we obtain 
< ui < u 2 < ■ ■ ■ < u n < u n+1 <■■■ in R N \ K. 

In order to pass to the limit in (3.17) we need to provide a barrier for {u n }. Proceeding in the 
same manner as we did in the proof of Theorem 3.5 we can find a function 



U € C 2 (R N \ Kx) n C(E JV \ int(Ki)) 



N 



such that 



(3.18) 



\-AU><p(6 Kl {x))f(U),U>0 inR N \K 1 , 
I U(x) — > as \x\ —> oo. 

We shall use a similar approach to construct a function V € C 2 (R N \ K 2 ) fl C(R N ) such that 

i N \K 2 , 



-AV> V (5 K2 (x))f(V), V >0 
V(x) -> 



in 

as \x\ 



oo. 



(3.19) 



First, since (1.2) holds, by Lemma 2.6(iii), the function 

f'OO f't 

D{r) := / t 1 ~ N / s N ~ l ^(s)dsdt for all r > 0, 

Jr JO 
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is well defined and -A£>(|x|) = <p(\x\) in R N \ {0}. We next define v : R N -> (0, oo) by 

rv(x) i 



J 

Jo 



o f(t) 



dt = D(\x\) for all x G 



Using the same arguments as in the proof of Theorem 3.5 we have v G C 2 (R N \ {0}) n C(]R iV ) 
and 

J _A« > v > in \ {0}, 

| f (x) — > as [x| — > oo. 

Let now V : R N — )■ (0, oo) defined by 



(3.20) 



V(x) = v ( x ~ a )- 

aeK 2 

By (3.20) we have V G C 2 (R N \ K 2 ) n C{R N ), V(x) -> as |x| -> oo and 
— AV(s) = - J] At;(x -a)>J2 <P(\x ~ a\)f(v(x - a)) 

a&K 2 aeK 2 

> ( v(\ x - a\))f(V(x)) > ^(min \x - a\)f(V(x)) 

= ip(5 K2 (x))f(V(x)) for all x G R N \ K 2 . 

Therefore, V fulfills (3.19). Now W := U + V satisfies W(x) -> as |x| -> oo and 

-AW(x) > v9(^ 1 (x))/([/) + ^(fe 2 (x))/(y) 
>M%(x)) + ^ 2 (x)))/(W) 

>¥>( 

minj^^x), 5K 2 ( x )})f(W) 
= <p(5 K (x))f(W) for all xeR N \K. 

By Lemma 2.1 we obtain u n < W in R JV \i ; C. Thus, passing to the limit in (3.17) and by elliptic 
arguments, we obtain that u := limn^oo u n satisfies 

-Au = ip(S K (x))f(u) inR N \K. 

The fact that u is minimal, vanishes continuously on dK\ and has the behavior near dK\ as 
described by (3.10) follows exactly in the same way as in the proof of Theorem 3.5. 

It remains to prove that u can be continuously extended at any point of K 2 and u > on 
K 2 . To this aim, we state and prove the following auxiliary results. 



Lemma 3.7. Let r > and x G R N \ dB r (0), N > 3. Then 

1 



~n^i f i — -nv^2 dcr (y) 
r JdBAo) f - y\ 



| x |JV-2 



if \x\ > r, 



<r N r^J dBr{0) \x-yr^ ^ \ J_ 



Proof. Suppose first \x\ > r. Then u(y) = \y — x\ 2 N is harmonic in B r+£ (0), for e > small. 
By the mean value theorem we have 



If 1 

ry jzn—i I , \z vl N-2 da (y) = «(o) - . |JV _ 2 . 

^TV^ JdB r (0) \ x ~ V\ \ x \ 
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Assume now \x\ < r. Since 



v{x) := 

ONT" ± JdBAO) 

is harmonic and radially symmetric, it follows that v is constant in B r (0). Thus v(x) = v(0) 
r 2 ~ N for x G B r (0). 

Lemma 3.8. Let u be a C 2 positive solution of 

-Am>0 in B 2ri (0) \ {0}, N > 2. 

Then 

u(x) > m := min u(y) for all x G B ri (0) \ {0}. 
\y\=ri 

Proof. For < r < n define t> ro : I w \ {0} -> R by 

_ m($(r ) - $(|s|)) 

where 



r log - if jV = 2, 

r 

' if TV > 3. 



r N-2 

Then v ro is harmonic in W N \ {0} and v ro < u on <9.B ri (0) U dB ro (0). Thus, by the maximum 
principle, v ro < u in i? n (0) \ B ro (0). Fix x G -B n (0) \ {0}. Then, for < tq < \x\ we have 
u(x) > v ro (x) — > m as ro \ 0. This concludes the proof. 

Lemma 3.9. Let ip,f : (0, oo) — > [0, oo) 6e continuous functions such that J Q l rip(r)dr < oo. 
Suppose that u is a C 2 positive bounded solution of —Au = ip(\x\)f(u) in a punctured neighbor- 
hood of the origin in W N , N > 3. Then, for some L > we have u(x) — > L as x — > 0. 

Proof. By Lemma 3.8 we can find ro > small such that u is bounded away from zero in 
B ro (0) \ {0}. Hence, for some M > we have 

f(u(x))<M inS ro (0)\{0}. (3.21) 

For x £R N let 

°n J Bro (o) \x-y\ N 2 



Then, 

I(x) = r F(x,r)dr, where F(x,r) = ^ I . f ^J_ 9 da(y). 

J0 JdB r (0) F - V\ 

Since, by (3.21) and Lemma 3.7 we have 

(i) F(x,r) < Mnp(r) for x G M> N and < r < r ; 

(ii) / O ro ri f( r ) dr < °°; 

(iii) F(x, r) — > F(0, r) as x — >■ pointwise for < r < ro, 
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it follows that / is bounded in R N and by the dominated convergence theorem, 

I(x) -»■ 1(0) as x -> 0. (3.22) 

Since v := -u — j^^I is harmonic and bounded in 5 ro (0) \ {0}, it is well known that lirn^o v(x) 
exists. Thus, by (3.22), lrnx^o u(x) exists and is finite. 

Now, the fact that the minimal solution u can be continuously extended on Ki and u > 
on K2 follows by applying Lemma 3.9 for each point of K^. This finishes the proof of Theorem 
3.6. 



4 The degenerate case 

In this section we study the inequality (1.1) in case where K C l w (N > 3) reduces to a finite 
number of points. In this setting, the existence of a C 2 positive solution to (1.1) depends on 
both ip and /. To better emphasize this dependence we shall assume that f(t) = t~ p , p > 0. 
Therefore, we shall be concerned with the semilinear elliptic inequality 

- Au>ip(5 K (x))u- p inR N \K. (4.1) 
4.1 A necessary and sufficient condition for existence 

Theorem 4.1. Let K C R N (N > 3) be a finite set of points and if G C°'^(0, 00) (0 < 7 < 1) 
be a positive function such that ip(r) is monotone for large values of r. Then, (4-1) has C 2 
positive solutions if and only if 

/oo rl 
rip(r)dr < 00 and J r {l+p){N ~ 2)+1 ip(r)dr < 00. (4.2) 

Furthermore, if (4-2) holds, then, there exists a minimal solution u of (4-1) that satisfies 

(-Au = ip(5 K (x))u~ p ,u>0 inR N \K, 
I u(x) — >■ as \x\ — > 00. 

In addition, u can be extended to a continuous positive function on the whole M. N if and only if 
j r<f(r)dr < 00. 

Note that condition (4.2) above is weaker than (1.2) which is the optimal condition on ip in 
case when some components of K are the closure of C 2 domains. 

Proof. Assume first that (4.1) has a C 2 positive solution u. From Theorem 3.1 it follows 
that j 1 r(p(r)dr < 00. By translation one may assume that G K and fix p > such that 
o~k{x) = \x\ in B p (0). Let now u* be the image of u through the Kelvin transform, that is, 

u*(x) = \x\ 2 - N u(j^j, xeR N \{0}. (4.4) 

Then u* satisfies 

1 \ „ / x 



\x\ l \ \x\ 2 



An* > \x\- 2 ~ N tp 

= \x\- 2 - N -rt N -V<p (J-^ u- p (x) in R N \ B 1/p (0). 
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With the same proof as in Theorem 3.1 (note that here we do not need (p(r) to be monotone 
for small values of r > 0) we deduce 



jfV 1 -"-*"-^ dt <oo. 



Now with the change of variable r = i -1 , < r < 1 we derive the second condition in (4.2). 

Conversely, assume now that (4.2) holds and let us construct a solution to (4.1). We first 
assume that K = {0}. The construction follows the general lines given in the proof of Theorem 
3.5, the only difference is that one cannot use Lemmas 2.4 or 2.5 since K is degenerate. Instead, 
we shall use the Kelvin transform to reduce the construction of a solution to (4.1) near the origin 
to a solution of a similar inequality that holds in a neighborhood of infinity. 

First, let 

/oo rt 
t 1 - N J s N ~ l v(s)dsdt for all r > 1. 

Since (4.2) holds, by Lemma 2.6(h) D is well defined and converges to zero at infinity. We now 
consider 

r i l/(p+l) Ar _ 

u(x) := (p + l)D(\x\) xeR N \B 1 (0). 
Then u G C 2 (R N \ B±(0)) and in the same manner as in the proof of Theorem 3.5 we have 

( -Au > ip{\x\)u- p {x), u > in R N \Bi(0), 
I u(x) — > as \x\ — > oo. 

Proceeding similarly, with r~ 2 ~ N ~ P ^ N ~ 2 "> ip(l / r) instead of <p(r) and then using the Kelvin trans- 
form, we obtain a function v G C 2 (Bi(0) \ {0}) such that 

J -Av > ip(\x\)v' p {x), v>0 in Bi(0) \ {0}, 
\ \x\ N ~ 2 v(x) ^0 as \x\ -> 0. 

From now on we proceed exactly as in the proof of Theorem 3.5. Let w be any C 2 extension of 

if x 6R JV \Bi(0), 
if x€B 1/2 (0)\{0}, 

to the whole R N \ {0}. Now, one can find M > large enough such that 
U(x) := w{x) + M(l + \x\ 2 ) (2 - N ^ 2 , x£R N \ {0} 

fulfills 

-AU > <p(\x\)U- p (x), U>0 inR N \ {0}, 

U(x) -> as |x| -> oo, (4.5) 

Ixl^" 2 ^) ^0 as |x| -> 0. 

In particular U is a solution of (4.1) with K = {0}. In the general case, if K is a finite set of 
points, we consider V(x) = J2 a eK U{x — a) for all x G \ K. As in the proof of Theorem 3.6 
we deduce that V satisfies (4.1). 

Assume that condition (4.2) is satisfied. Then, the existence of the minimal solution u of 
(4.1) is obtained with the same proof as in Theorem 3.6. Note that u is obtained as a pointwise 
limit of the sequence {u n } where u n satisfies (3.17) in which K\ = and K2 = K. It remains 
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to prove that u can be continuously extended to a positive continuous function in R N if and 
only if Jq np{r)dr < oo. 

Assume first that the minimal solution u of (4.1) is bounded. Using a translation argument, 
one can also assume that € K. Fix ro > such that Sk(x) = \x\ for all x <G B ro (0). Then 
averaging (4.1) we obtain 

- (r^u'Cr))' > cr^VM for all < r < r , (4.6) 

where c > 0. Hence r N ~ l u'(r) is decreasing and its limit as r \ must be zero for otherwise 
u— and hence u— would be unbounded for small r > 0. Thus integrating (4.6) twice we obtain 

oo > I limsupu(r)) — u(ro) > c / t 1_N / s N ~ 1 (p(s)dsdt, 

^ r\0 ' Jo JO 

which by Lemma 2.6(h) yields Jq 1 rtp(r)dr < oo. 

Assume now that f} rip(r)dr < oo. The conclusion will follow by Lemma 3.9 once we prove 
that u is bounded around each point of K. Again by translation and a scaling argument we 
may assume that € K and Sk(x) = \x\ for all x € -Bi(O). Set 

v(x) :=M f i 1-Ar / s N - 1 ip(s)dsdt, for all x G B 2 (0). 
J\x\ Jo 

By Lemma 2.6(i), v is bounded and positive in B 2 (0) and 

- Av(x) = M^(|x|) =M(p(S K {x)) inSi(0)\{0}. (4.7) 

Therefore, we can take M > 1 large enough such that 

- Av(x) > ip(5 K {x))v~ p {x) in5i(0)\{0} and v > u on dB^O). (4.8) 

Let u n be the solution of (3.17) with K\ = and = K. Recall that {u n } converges pointwise 
to u. Since u > u n in E Ar \ii", from (4.8) we have v > u n on 9i?i(0). According to the definition 
of u n , this inequality also holds true on 95 1 / n (0). Now, by (4.8) and Lemma 2.1 it follows that 
v > u n in Bi(0) \ Bi/ n (0). Passing to the limit with n — >• 00 it follows that v > u in -Bi(O) \ {0} 
and so, u is bounded around zero. Proceeding similarly we derive that u is bounded around 
every point of K. By Lemma 3.9 we now obtain that u can be continuously extended on K. 
This finishes the proof of Theorem 4.1. 

4.2 Case K = {0}. The structure of the solution set 

In the following we shall be concerned with the equation (1.3). The first result establishes the 
structure of the solution set of (1.3) when (p has a power-type growth near zero and near infinity. 
More precisely, we shall assume that if satisfies 

Cl r a < (p(r) < c 2 r a for all < r < 1, (4.9) 

and 

cir 13 < ip{r) < c 2 r /3 for all r > 1, (4.10) 
for some c\, c 2 > 0. Our main result is the following. 
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Theorem 4.2. Assume that ip € C 0,7 (0, oo) (0 < 7 < 1) satisfies (4-9)-(4-10). Then, equation 
(1.3) has C 2 positive solutions if and only if 

N + a + p(N-2) > and /3 < -2. (4.11) 

Furthermore, if (4.11) holds, then: 

(i) for any a, b > there exists a radially symmetric solution u a ^ of (1.3) such that 

lim \x\ N ~ 2 u at b(x) = a and lim u a ^(x) = b. (4-12) 

\x\ — >0 \x\ — >oo 

(ii) the solution set of equation (1.3) consists only of {u a ^ : a,b> 0}. In particular, any C 2 
positive solution of (1.3) is radially symmetric. 

Proof. Condition (4.11) follows directly from Theorem 4.1. For the proof of (i), (ii) we divide 
our arguments into four steps. 

Step 1: There exists a minimal solution £ : \ {0} — > (0, 00) which in addition satisfies 

lim Ixl^ -2 ^) = and lim £(z) = 0. (4.13) 

\x\— ►() \x\^oo 

Indeed, by Lemma 2.2 there exists a unique function £ n such that 



-A£„ = </?(M)C P , Zn > in B n (0) \ B Vn (0), 
^n = on0B n (O)U3B 1/n (O). 



(4.14) 



By uniqueness, it also follows that £ n is radially symmetric. We next extend £ n = outside 
B n (0) \ i? 1 /„(0). Now, by Lemma 2.1 we have that {£ n } is nondecreasing. Since (4.11) holds, 
proceeding as in the proof of Theorem 4.1 we construct a function U : R N \ {0} — > (0, 00) 
that satisfies (4.5). By Lemma 2.1 it follows that £ ra < U in R N \ {0}. Hence, there exists 
£(x) := limn^oo Cn{ x )i x ^ M. N \ {0} and £ < U. Also £ is radially symmetric and by standard 
elliptic arguments it follows that £ is a solution of (1.3). From £ < U it follows that £ satisfies 
(4.13). Finally, if v is an arbitrary solution of (1.3), by Lemma 2.1 we deduce 

tn<v inB n (0)\S Vn (0). 

Passing to the limit in the above inequality with n — > 00, we obtain £ < v in M Ar \{0}. Therefore 
£ is the minimal solution of (1.3). 

Step 2: Proof of (i). 

Fix a, b > 0. We shall construct a radially symmetric solution of (1.3) that satisfies (4.12) 
with the aid of the minimal solution £ constructed at Step 1. By virtue of Lemma 2.2, for any 
n > 2 there exists a unique function 

u n e C 2 (B n (0)\B 1/n (0)) n C(B n (0) \ B 1/n (0)) 

such tlicit 

f -An„ = \xW, u n > mB n (0)\B 1/n (0), 
\ u n = a\x\ 2 ~ N + b + £{x) on dB n {0) U&B 1/n (0). 

Since £ is radially symmetric, so is u n - Furthermore, a\x\ 2 ~ N +b is a sub-solution while a\x\ 2 ~ N + 
b + £(2;) is a super-solution of (4.15). Thus, in view of Lemma 2.1, we obtain 

a\x\ 2 ~ N + b<u n (x) <a\x\ 2 ~ N + b + £(x) in B n (0) \ B 1/n (0). (4.16) 
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As usual we extend u n = outside B n (0) \ B 1 / n (0). By standard elliptic regularity and a 
diagonal process, up to a subsequence there exists 

u a , b (x) := lim u n (x), x G R N \ {0} 

n— >oo 

and u a fi is a solution of problem (1.3). Furthermore, from (4.16) we deduce that u a ^ satisfies 
a\x\ 2 - N + b < u ayh (x) <a\x\ 2 - N + b + £(x) in R N \ {0}. (4.17) 
Now, (4.13) and (4.17) imply (4.12). 

Step 3: There exists c > depending on N,a,f3,p such that any solution u of (1.3) satisfies 



u 



u 



(x) > c|:e| (2+q)/(1+p) for all x € 5i(0) \ {0}, (4.18) 

(x) > c|x| (2+/3)/(1+p) for all x £ R^B^O). (4.19) 

The proof uses and idea that goes back to Veron [24, Theorem 3.11] (see also [12, Section 
1]). Let R > 1/2 be fixed. By Harnack's inequality (see, e.g., [10, Theorem 8.18]) and a scaling 
argument, there exists a constant Co > depending only on N such that 

f udx < C R N inf u. (4.20) 

J B 3R (0)\B 2R (0) b 3R (o)\b 2R (o) 

Let V G C^(R N ) be such that suppV> C B 4R (0) \ B R (0) and 

< V < 1 in R N , V = 1 on B 3R (0) \ B 2R (0), and ||W||oo < (4.21) 
Multiplying in (1.3) with t/j 2 ju and then integrating we obtain 

/ v (tr) ' Vudx - J \ x f^ u ~ 1 ~ Vdx - ( 4 - 22 ) 

In order to estimate the left-hand side in (4.22) we use (4.21). We have 

/ V (t) ' VudX = 2 J V ^ ' Vu t dx ~ J \ Vu \ 2 {^f dx 

< J (jwf + |Vu| 2 ( J) 2 ) dx - J \Vu\ 2 (tfdx (4.23) 

< J \Vtp\ 2 dx < CR N ~ 2 . 

To estimate the right-hand side in (4.22) we use Jensen's inequality together with (4.20). We 
have 

f [xf^u'^dx > OR? [ u-^dx 

J J B 3R (0)\B 2R (0) 

> CRP +N(2+ ^ ( [ udx] (4.24) 

\J B 3R (0)\B 2R (0) J 

> CR N+f3 ( inf u ) 1 P . 

\B 3R (0)\B 2R (0) J 

Thus, combining (4.22), (4.23) and (4.24) we arrive at 
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inf u > Ci?( 2 W(i+P) 5 

s 3fi(°)\ S 2fl(0) 

for some constant C > independent of u and R. This proves (4.19). For the proof of (4.18) 
we proceed in a similar way. 

Step 4-' Proof of (ii). 

Let u be an arbitrary solution of (1.3). From (4.9) and (4.18) it follows that 

f(\x\)u~ p < c \x\ a u- p < c|x|( a - 2p )/( 1+p ) in5i(0)\{0}, (4.25) 

for some cq, c > 0. Thus, by (4.11) we have 

-Au = <p(\x\) U -reLl oc (R N ). (4.26) 

Using (4.26) and Theorem 1 in [2] (see also [14, Lemma 1]) we find that u satisfies 

Au + ip(\x\)u- p + a(5(0) =0 in D'(5i(0)), 

for some a > 0, where (5(0) denotes the Dirac mass concentrated at zero. Also by potential 
theory arguments (see [14], [23]) it follows that 

u{x) = a\x\ 2 ' N + C f i ~ AU ^K dy + h{x) for all x € Bi(0) \ {0}, (4.27) 

Vbi(o) f - y\ 

where C is a positive constant depending on the dimension N > 3 and h : B\ (0) — > R is a 
harmonic function. From (4.9) and (4.25) we have 

-Au = <p(\x\)u~ p = 0(\x\~ N ) as|x|^0. 

Using Lemma 3.1 in [23] it follows that 

f i ~ AU ^\ dy = o(\x\ 2 - N ) as \x\ -> 0. (4.28) 
JBi(o) F _ 2/1 

Combining (4.27) and (4.28) we obtain 

lim Ix^Vx) = a. (4.29) 

Let ii* be the Kelvin transform of u given by (4.4). Then u* satisfies 

-Au* = l^r 2 -^-^- 2 )^ V(x) in R N \ {0}. 

Note that by (4.4), (4.10) and (4.18) we have 

\x\- 2 - N -* N -Q<p (J^J < c 2 \x\-P- 2 - N -^ N -V for all x € B 1 (0) \ {0}, 

> c |a;|2-tf-(2+0)/(i-HO for all x G Bl ( ) \ { }. 
Combining the last estimates we arrive at 

- Au*(x) = <D(\x\- N ) as|x[^0. (4.30) 
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With the same arguments as above, there exists 

b := lim \x\ N - 2 uJx) > 0. (4.31) 

1*1 -s-0 

This yields 

lim u(x) = b>0. (4.32) 

|x|— >oo 

Let u a> b be the solution of (1.3) that satisfies (4.12). We claim that u = u a ^. To this aim, for 
e > define 

u £ (x) := u(x) + e(a\x\ 2 ~ N + 6), x € R N \ {0}. 

Also let u n be the unique solution of (4.15). Taking into account (4.29), (4.32) and the definition 
of u n in (4.15), we can find no = n^e) > 2 such that for all n > no we have 

u £ >u n mdB n (0)UdB 1/n (0), 

for all n> uq. We also have 

An e + \x\ a u~ p < < Au n + \x\ a u- p in B n {0) \ B 1/n (0). 
Hence, by Lemma 2.1 we obtain 

u £ > u n in B n (0) \ B 1/n (0), 
for all n> uq. Passing to the limit with ?i->oowe obtain 

u £ > u a , b in R N \ {0}. 

Now, letting e \ we deduce 

u > u afi in R N \ {0}. (4.33) 
Next, consider the spherical average u of u as defined in (3.3). Then 

lim r N ~ 2 u(r) = lim r N - 2 u a>b {r) = a, (4.34) 

lim u(r) = lim u a b(r) = b. (4.35) 
A straightforward computation shows that 



r^- V(r) - e^- V(e) = — / Au(x)dx 

<?N JB r (0)\B e (Q) 

= — — / <f(\x\)u- p (x)dx < 0, 

°N JB r (0)\B e (0) 
for all < e < r. From (4.36) it follows that 

(0, oo) 3 r i — > r N ~ l u(r) is decreasing, 

so that there exists t := linv^o r N ~ l u'{r). 

By l'Hospital rule and (4.34) it follows that 

lim r N - l u'{r) = £ = a(2 — N). 

r\0 
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(4.36) 



On the other hand, from (4.26) we have y?(|a;|)w p G L 1 (B r (0)) for all r > 0. Hence, passing 
to the limit in (4.36) with e \ we obtain 



(2 — N) — / ip(\x\)u- p (x)dx for all r > 0. 

a N JB r (0) 



r N - l u'{r) = a 

r(0) 



A similar relation holds for u 0j & and using the fact that u > u a) 6 it follows that 

u'(r) > u' ab (r) for all r > 0. 
This means that u — u a ^ is increasing in (0, oo) and so, by (4.35), 

u(r) - u a)b {r) < lim (u(t) - u a>b {t)) = for all r > 0. 

t—>oo 



Hence u < u a j, in (0, oo) which by continuity and (4.33) implies u = u = u a j,. This completes 
the proof of Theorem 4.2. 

Remark If N = 2 then (1.3) has no C 2 positive solutions even for more general nonlinearities 
than u~ p . More precisely, if u G C 2 (M. 2 \ {0}) satisfies 

-Au > 0, u > in M 2 \ {0}, 

then u is constant (see [16, Theorem 29, page 130]). 

Corollary 4.3. Let a G M, p > 0. T/ien, i/ie equation 

- Au = \x\ a u~ p in R N \ {0}, iV > 3, (4.37) 

has solutions if and only if 

N + a + p(N-2)>0 and a < -2. (4.38) 

Furthermore, if (4-38) is fulfilled, then the same conclusion as in Theorem 4-2 holds true and 
the function 



_{a + 2){p{N -2) + N -a) 
is the minimal solution of (4-37). 



x 



(2+a)/(l+p) > x€ IR^\{0}, (4.39) 



Proof. The conclusion follows directly from Theorem 4.2. Also, if (4.38) holds, then the solution 
set of (4.37) consists of a two-parameter family of functions {u a ^ : a, b > 0} that satisfy (4.12). 
It is easy to see that the function £ defined by (4.39) satisfies (4.37) and (4.13). It follows that 
£ is the minimal solution of (4.37). 

Using the approach in the proof of Theorem 4.2, one can obtain the same structure of the 
solution set for (1.3) for a large class of functions f(\x\) having not only a power-type behavior 
at zero or at infinity. 

Corollary 4.4. Let a G R, f3,p > and <p(r) = r a log^(l + r). Then, equation (1.3) has 
solutions if and only if 

N + a + ft +p(N -2) > and a < -2. (4.40) 

Furthermore, if (4-40) holds, then the solution set of (1.3) consists of a two-parameter family 
of radially symmetric functions as described in Theorem 4-2. 
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Proof. Condition (4.40) follows directly from Theorem 4.1. For the remaining part, let e be 
small enough such that < e < —a — 2 and let (p : (0, oo) — > (0, oo) be a continuous function 
that satisfies 

(j>(r) > tp{r) for all r > 0, 

4>{r) ~ r a+/S as r \ and <f>(r) ~ r a+e as r — > oo. 

The construction of the minimal solution £ of (1.3) is obtained by considering the sequence 
{£„} where £ n satisfies (4.14). Since satisfies the condition (4.2), there exists a function 
£/ : R N \ {0} ->• (0, oo) with the property 

' -AU > c/)(\x\)U~ p (x), U>0 in R N \ {0}, 
U(x) — > as |x| — » oo, 

|ar| Ar - 2 C/(ar) ->• as \x\ -»• 0. 

Further, from ^> > </? in (0, oo) we deduce that £ n < C7 in l w \ {0} which implies that £(x) := 
linin^oo £ n (x), x € 1^ \ {0} is well defined and it is the minimal solution of (1.3). 

The construction of the two-parameter family of solutions to (1.3) is the same as in the Step 
2 of Theorem 4.2. We next show that this is the whole solution set of (1.3). Using the fact that 
</?(|x|) > c|x| q+ p in B\ \ {0} and y(|x|) > c|x| a in R N \ -Bi(O), with the same argument as in 
the proof of Step 3 in Theorem 4.2 we obtain the existence of a positive constant C > such 
that any solution u of (1.3) satisfies 

u{x) > C|x|( 2+a+/3 )/( 1+p ) for all x € #i(0) \ {0} (4.41) 

and 

u(x) > C|x| (2+a)/(1+p) for all x € R N \Bi(0). (4.42) 

Using (4.41) we have 

-Au(x) = f(\x\)u- p < \x\ a+l3 u- p < c | x |(«+/3-2p)/(i+p) < | x |-n ag | x | ^ Q 

This also implies (4.29). Now, if u* is the Kelvin transform of u as defined in (4.4), by (4.42) 
we have 

-An, = ^1-2-^(^-2)^ ( J_ 



< C \x\- N -( 2+a V( 1+ ri log" (l + -L^ 
<C\x\~ N inBi(0)\{0}. 



This yields (4.30) and then (4.31). From now on, we proceed exactly in the same way as we did 
in the proof of Theorem 4.2. 

With the same arguments we have. 

Corollary 4.5. Let ael, fa, ■ ■ ■ , Pm,P > and 

(p(r) =r a log /3l (l + log /32 (l + ---+log /3m (l+r))...), t > 0. 

Then, the equation (1.3) has solutions if and only if 

N + a + fa + fa H h /3 m + p(iV - 2) > and a < -2. (4.43) 

Furthermore, if (4-43) holds, then the solution set of (1.3) consists of a two-parameter family 
of radially symmetric functions as described in Theorem 4-2. 
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